It is a classical result that if (Ä,3J!) is a complete discrete valuation ring with quotient field K, and if RjJil is perfect, then any finite dimensional central simple A"-aIgebra S can be split by a field L which is an unramified extension of K. Here we prove that if OR, 3JÎ) is any regular local ring, and if 2 contains an Ä-order A whose global dimension is finite and such that A/Rad A is central simple over /f/3Ji, then the existence of an "Ä-unramified" splitting field L for S implies that A is Ä-separable. Using this theorem we construct an example which shows that if R is a regular local ring of dimension greater than one, and if its characteristic is not 2, then there is a central division algebra over K which has no Ä-unramified splitting field.
In the study of central simple algebras, splitting fields play an important role. A well-known classical result states that if 2 is a finite dimensional central simple algebra over a field K, then 2 can be split by a field L which is a finite separable extension of K. If K is the quotient field of a complete discrete valuation ring R whose residue class field /?/9Ji is perfect, then L can be chosen so that the integral closure, S, of R in L, is iî-separable [4, Chapter 5, Theorem 8]. Using this fact, Auslander and Goldman [2, Proposition 8.4] proved that if R is a discrete valuation ring (not necessarily complete) with perfect residue class field and if A is a maximal /?-order in S such that the center of A/N is 7?/9Xt (where N is the Jacobson radical of A), then A is Zv-separable. Our purpose in this paper is to generalize this result, and thereby produce an example of a division algebra £ which cannot be split by any ".ft-unramified" extension L of K, where R is a regular local ring of dimension greater than one.
Definition. Let R be a domain with quotient field K. A finite field extension L of K is R-unramified if L is the quotient field of some 7?-aIgebra S which is /^-separable and finitely generated as an /?-module.
Theorem.
Let (R, 3)1) be a regular local ring with quotient field K. Let S be a finite dimensional central simple K-algebra which contains an R-order A such that gldimA<oo, and A/Rad A is central simple over RJ3R. Suppose 2l has an R-unramified splitting field L. Then A is R-separable.
Proof.
Assume first that £ is complete. By hypothesis, L is the quotient field of S, an £-separable domain which is a finitely generated £-module. According to [1, Proposition 4.3] , Sis £-free. Since £ is complete, so is S, and therefore any proper idempotent in S/Rad S could be lifted to one in S. But S is a domain, and hence contains no proper idempotent, so S/Rad S has none either and is therefore a field. Since S is £-separable, Rad S=3RS. Hence S is local, with maximal ideal WS. It follows that S is a regular local ring.
Since SIMS is a field, S/3)IS ®M/m A//V is central simple over S/3JIS, where 7V=RadA. But S/331S ®Rm A/NzuS ®R A/TV, so the latter, in particular, is a simple ring. Since S is £-free, the sequence 0 -* S ®R N -+ S ®R A -* S ®R AjN -»■ 0 is exact. Hence S ®R N is a maximal two-sided ideal in S ®R A. Furthermore, since V=RadA and S®RN is a two-sided ideal, S®RN<= Rad(S ®RA). Thus S ®R N=Rad(S ®R A) and S ®R A is quasi-local We conclude with an Example. Let (R, 9JÍ) be a regular local ring of dimension 2, and let 9)l=(X1, X2). Assume that K, the quotient field of R, has characteristic #2. Let 2 be the quaternion /¿-algebra K[l, a, ß, aß] defined by a2 = Xx, ß2=X2, and ßa=-aß. Then 11 has no /?-unramified splitting field.
Proof. Let A=R[l, a, ß, a/3]. A is an R-oxdex in E. Rad A=A(«, ß), so that A/Rad A~/?/sJJl. Since
